Introduction {#Sec1}
============

Stochastic mortality models are widely used as risk management tools in the insurance and pensions industry with the main application being the generation of plausible scenarios for future mortality rates. Many stochastic mortality models have been introduced in the last few decades. When new models have been developed the objective was mostly to improve the goodness of fit of the model to mortality data observed in relatively large populations: the Lee-Carter model and its refinements (e.g. \[[@CR3], [@CR23], [@CR31]\]) have been developed to provide a good fit to the mortality rates observed in the United States, England and Wales and the population of UK male assured lives; while the Cairns-Blake-Dowd (\[[@CR6]\]) model (CBD) was introduced for modelling the England and Wales males population at higher ages.

In contrast, actuaries will often face the problem of modelling the mortality experience of much smaller populations, for example, the members of a pension scheme. Empirical research has found that mortality rates of smaller populations exhibit significantly more variability compared to the observed rates in larger populations. Furthermore, models that fit large countries well, might not be appropriate for smaller populations, for example, \[[@CR3]\] showed that the Lee-Carter model provides a rather poor fit to the mortality experience of smaller populations. A related issue is that empirical data from smaller populations might only be available for a relatively short period, which makes mortality projections rather uncertain. As a result, a number of recent papers have aimed to develop models specifically for smaller populations: for example, the Saint Model of \[[@CR18]\].

A common assumption for many of the proposed models is that the observed numbers of deaths are realisations of random variables with a Poisson distribution given the underlying mortality rates. The estimation of parameters of any such model is therefore based on samples from a Poisson distribution, and, as always in statistics, parameter uncertainty is related to the sample size. Furthermore, many results about the distribution of estimators and corresponding confidence intervals rely on the Maximum Likelihood theorem and large sample sizes.

The increased uncertainty about estimated parameters for small populations results in high levels of uncertainty about projected mortality rates. As a consequence future realised mortality rates will not only diverge from projected rates due to future sampling variation caused by the Poisson distribution, but might also diverge from projections since the projections themselves are uncertain.

In the actuarial literature, simulation techniques have been proposed for dealing with uncertain parameters and projected mortality rates. For example, \[[@CR24]\] investigated mortality uncertainty by applying a block bootstrap method on the Lee-Carter model, and \[[@CR4]\] proposed Poisson bootstrap methods for mortality forecasting. \[[@CR6]\] studied the parameter uncertainty of the two factor CBD model by adopting a Bayesian approach. Czado et al. and Pedroza \[[@CR12], [@CR29]\] carried out the first Bayesian analysis using Markov Chain Monte Carlo (MCMC) of the Lee-Carter model, with further work by \[[@CR21], [@CR22]\]. Reichmuth and Sarferaz \[[@CR30]\] applied MCMC to a version of the \[[@CR31]\] model. Cairns et al. (2011) applied MCMC to a two-population Age-Period-Cohort model by combining the Poisson likelihood for the deaths counts with time series likelihood functions for the latent random period and cohort effects.

However, to the best of our knowledge, bootstrap methods have not been applied in a systematic way to investigate the impact of the size of a population on parameter and projection uncertainty. This is the focus of our research in this paper. We firstly apply Poisson parametric bootstrap methods to investigate how the variation of parameter estimates and projections is affected by the size of a population. The specific mortality model that we consider is a second generation CBD model with added cohort effect: see Sect. [2](#Sec2){ref-type="sec"} for details. We vary the size of the population by assigning weights to a chosen benchmark population, e.g. England and Wales males. In simulation studies we find that the size of the population has a significant effect on the variation of parameter estimates and projections.

Although we apply a weight to the benchmark population (i.e. scale it down), we ensure that the mortality rates of the constructed small populations are equal to the fitted mortality rates of the benchmark population. In such a situation, uncertainty in projected mortality rates will be reduced if information from the benchmark population parameter estimates can be used for fitting smaller populations. This raises the question of how we can test for systematic differences between the parameters driving mortality rates in a small population and a given null hypothesis about those parameters, where the null hypothesis might have been obtained from a model fitted to a much larger population. If no significant differences can be found then it seems reasonable to use elements of the large population model fit to assist in generation of scenarios for the small population. We therefore investigate the properties of a likelihood ratio (LR) test for all or some of the estimated parameters, and, in particular, consider the distribution of the test statistic based on the bootstrap simulations. This allows us to investigate the power of the LR test and the effect of varying population sizes on the rejection rates. We find that the population size has a strong effect on the probability of a type II error. This is particularly relevant for pension schemes since the acceptance of an incorrect null hypothesis might lead to inaccurate mortality assumptions. To investigate the financial consequences of the resulting misspecified model, we consider annuity prices based on different assumptions about the underlying parameters of our model.

We apply the LR test in an empirical study. The null hypothesis for that study is the estimated cohort effect for males in England and Wales. With this null hypothesis we then carry out hypothesis tests using, first, mortality data for females in England and Wales and, second, males in Scotland to check if their cohort effects are significantly different from the estimated cohort effect for males in England and Wales. We find for both populations that the estimated cohort effect is significantly different from that in the null hypothesis.

The remainder of the paper is organised as follows. Section [2](#Sec2){ref-type="sec"} introduces the model, assumptions and the notations we apply. Section [3](#Sec3){ref-type="sec"} discusses the process of simulation and investigates the distribution of the maximum likelihood estimates, the correlation between the estimates and how these will be affected by changing the population size. In Sect. [4](#Sec5){ref-type="sec"}, we investigate the effect of the population size on forecasting by projecting the parameters as well as the mortality rates. Section [5](#Sec13){ref-type="sec"} introduces a likelihood ratio test for testing systematic deviations of the true parameters from a given null hypothesis. The power of the likelihood ratio test is also analysed and we then investigate how significant the impact of shifting and scaling parameters is on the fitted mortality rates and corresponding annuity prices in Sect. [6](#Sec17){ref-type="sec"}. Finally, Sects. [7](#Sec18){ref-type="sec"} and [8](#Sec19){ref-type="sec"} include the LRT for testing a null hypothesis about the cohort effect only, and an empirical example for this test is provided. Section [9](#Sec22){ref-type="sec"} provides our final conclusions.

The model {#Sec2}
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                \begin{document}$$(x-\bar{x})^2$$\end{document}$.The reason for including the cohort effect is that it is a well established feature in some populations such as England and Wales \[[@CR8]\]. We do not claim that this model is necessarily the best model for the datasets to be considered. However we select the model based on a particular set of model selection criterion studied in Ref. \[[@CR8]\]. The choice of "M7" here reflects the work of Ref. \[[@CR8]\] namely that we want to use a model that fits the males from England and Wales well.

It is well known that the parameters in model ([3](#Equ3){ref-type=""}) are not identifiable without imposing constraints on their values. Nielsen and Nielsen \[[@CR27]\] discussed the impact of identifiability problems within stochastic mortality models on parameter estimation, hypothesis testing and forecasting. Currie \[[@CR11]\] discussed modelling with M7 by writing the model as a generalized linear model with a non-full rank design matrix. We follow Ref. \[[@CR8]\] and apply the following constraints on $\documentclass[12pt]{minimal}
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                \begin{document}$$C=t_1 - x_{n_a} , \ldots , t_{n_y}-x_1$$\end{document}$ is the set of all years of birth in a given dataset. In this study, identifiability constraints are defined as part of our model system to ensure all parameters are identifiable and provide a coherent framework for the consideration of confidence intervals and for hypothesis testing. One can freely adopt any reasonable set of constraints to the model and the study would be focusing on the results given the selected constraints.
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As mentioned earlier, in this paper we are concerned with the consequences of small exposures, or population sizes, on the distribution of the maximum likelihood estimator (MLE) $\documentclass[12pt]{minimal}
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To ensure that our results are relevant for typical values of $\documentclass[12pt]{minimal}
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The different exposure sizes used to simulate data in the remainder of this paper will be relative to the exposure $\documentclass[12pt]{minimal}
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Distribution of MLE in finite samples {#Sec3}
=====================================
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Therefore, we would expect that, even in a finite sample, the co-variance of the distribution of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{\theta }}^w_j$$\end{document}$ is approximately to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w^{-1}H$$\end{document}$ and the correlations between different components of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{\theta }}^w_j$$\end{document}$ are approximately independent of the relative population size *w*. Using the simulated sample $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{\theta }}^w_1, \ldots , {\hat{\theta }}^w_N$$\end{document}$ we can investigate the finite-sample covariance and correlation matrices of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{\theta }}^w$$\end{document}$. In Fig. [1](#Fig1){ref-type="fig"} we plot a graphical representation of the correlation matrices of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{\theta }}^w_j$$\end{document}$ that we obtain for two values of *w*.Fig. 1The empirical correlation matrix of the simulated parameter estimates $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{\theta }}^w$$\end{document}$ for different values of the population size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w=1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w = 0.001$$\end{document}$. The grid lines at 51.5, 102.5 and 153.5 are used to visually separate the parameters $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa _t^{(1)}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa _t^{(2)}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa _t^{(3)}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _c^{(4)}$$\end{document}$ from each other in both dimensions. For instance, the *bottom left rectangle* contains the correlations for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{\kappa }}_{t}^{(1),w}$$\end{document}$ for the 51 years from 1960 to 2011

We conclude from Fig. [1](#Fig1){ref-type="fig"} that there are no significant differences between the empirical correlation matrices obtained from different population sizes, as predicted. However, individual components of $\documentclass[12pt]{minimal}
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We find for all population sizes considered that the empirical means of the simulated estimates fluctuate around the true parameter values $\documentclass[12pt]{minimal}
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The relative levels of the lines in the graphs on the right hand side of Fig. [2](#Fig2){ref-type="fig"} show that the level of fluctuation increases approximately by a factor $\documentclass[12pt]{minimal}
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Mortality projections {#Sec5}
=====================

While fitting the model in ([1](#Equ1){ref-type=""}--[3](#Equ3){ref-type=""}) to observed mortality data only requires the estimation of the period effects $\documentclass[12pt]{minimal}
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The most common approach to obtain future values of $\documentclass[12pt]{minimal}
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For the estimation of those parameters and the projections of the period effects and the cohort effect we will consider two approaches. Firstly, we will use a frequentest approach to obtain point estimates of the process parameters ignoring any uncertainty about those estimates. In our further analysis we will follow a Bayesian approach to incorporate parameter uncertainty into our mortality projections.

Projecting period effects {#Sec6}
-------------------------

As mentioned above, we model the period effects $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa _t$$\end{document}$ as a three-dimensional normal random walk.$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Delta \kappa _t = \mu +L\epsilon _t \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta \kappa _t = \kappa _t-\kappa _{t-1}$$\end{document}$ and the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon _{t} = (\epsilon _{t}^{(1)}, \epsilon _{t}^{(2)}, \epsilon _{t}^{(3)})'$$\end{document}$ are independent random vectors with a multivariate standard normal distribution. The parameter vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu$$\end{document}$ is the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$3\times 1$$\end{document}$ drift vector of the random walk and *L* is the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$3\times 3$$\end{document}$ Cholesky decomposition of the covariance matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V = LL'$$\end{document}$.

### Point estimators {#Sec7}

Having generated *N* scenarios for the number of deaths according to ([6](#Equ6){ref-type=""}) and having estimated the parameter vector $\documentclass[12pt]{minimal}
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### Bayesian estimation---parameter uncertainty {#Sec8}

As mentioned earlier we model uncertainty about the parameters $\documentclass[12pt]{minimal}
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### Empirical comparison {#Sec9}

For our empirical study we simulate $\documentclass[12pt]{minimal}
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By comparing the densities in the two columns of that figure we observe that the additional parameter uncertainty increases the variance of the empirical distributions of the drift estimators. This can be explained by investigating the source of uncertainty to the drift. The variation to the point estimator $\documentclass[12pt]{minimal}
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However, for smaller values of *w* we find that the population size has a much more pronounced effect on the variance. For example, the range of likely values of $\documentclass[12pt]{minimal}
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To investigate parameter uncertainty further we calculate the standard deviations for the distributions of $\documentclass[12pt]{minimal}
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Fig. 4The impact of population size on the distribution of the random walk drift, from population of $\documentclass[12pt]{minimal}
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To investigate the impact of the relative population size *w* and the inclusion of parameter uncertainty on the empirical distribution of the estimated co-variance matrix *V* of the random walk in ([8](#Equ8){ref-type=""}) we compare the empirical means of $\documentclass[12pt]{minimal}
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Finally, the projected parameters based on the Bayesian estimates $\documentclass[12pt]{minimal}
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Projecting the cohort effect {#Sec10}
----------------------------

As mentioned earlier we fit an AR(1) model to the cohort effect. We will not investigate how additional parameter uncertainty influences mortality projections, but will only use point estimates for the parameters in the AR(1) model. To be precise, our model is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$w=0.01$$\end{document}$ and 0.001. This is a consequence of the very few observations available for those cohorts. We therefore remove the cohorts with six or less observations. Cohorts are removed equally from the beginning and the end.

However, removing short cohorts could significantly influence the estimated values of the parameters. To investigate the effect of removing short cohorts in more detail we plot the empirical densities for the parameters in ([13](#Equ13){ref-type=""}) based on the estimated parameters in each simulated scenario *j* for $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{\alpha }}_{\gamma }$$\end{document}$ is shifted to the left as more cohorts are removed. Further we notice that the variance of the estimators for all three parameters stays approximately unchanged regardless of how many cohorts are removed.Fig. 5The effect of removing the cohort effects of short cohorts on the distribution of the parameter estimators of the *AR*(1) model for $\documentclass[12pt]{minimal}
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After having removed cohorts with six or less observations from the data, we fit the AR(1) model in ([13](#Equ13){ref-type=""}) to the rest of the cohort effects. The resulting density of the parameter estimates of the model are shown in Fig. [6](#Fig6){ref-type="fig"}. All of the parameter estimates and the standard deviation of error terms appear to be biased relative to the estimate for England and Wales, regardless of the size of population. However, we find that reducing the population size will greatly increase the mean bias as well as the uncertainty.

We now forecast the cohort effect from $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{\gamma }}_{1961}^{(4),w}$$\end{document}$ and the result is shown in Fig. [6](#Fig6){ref-type="fig"}d. The variation in the projected cohort effects for the years 1956 to 1961 now comes from the Poisson and Normal randomness, which is not as great as variation at the two tails of the estimates observed in Fig. [2](#Fig2){ref-type="fig"} where no cohorts have been removed. Within the sample, the confidence intervals are narrower for cohorts with greater numbers of observed years (ranging from 7 to 40) and greater numbers of deaths since variance is reduced by having more number of observations.Fig. 6The comparison of the distribution of the parameter estimates of the AR(1) model between the constructed populations*w* = 1 (*dotted line*),*w* = 0:1 (*long dashed*), *w* = 0:01 (*solid*),*w* = 0:001 (*dot dashed*) and England and Wales (*vertical line*)

Projected mortality rates {#Sec11}
-------------------------

Based on the projected period and cohort effects we can now turn to the projection of mortality rates using our model in ([1](#Equ1){ref-type=""})--([3](#Equ3){ref-type=""}). Figure [8](#Fig8){ref-type="fig"} shows the twenty-year forward projections of mortality rates at ages 65 and 85. We compare the predicted rates with and without the allowance for parameter uncertainty for all the constructed populations with the projections based on the England and Wales data. Unsurprisingly, the uncertainty about future mortality rates increases as the forecast horizon increases. The other two factors which significantly influence the projection uncertainty are age and population size.

Reducing the population size results in greater uncertainty about mortality forecasts for both ages. For example, the uncertainty is much greater for the smaller populations ($\documentclass[12pt]{minimal}
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                \begin{document}$$w=0.01, 0.001$$\end{document}$) at both ages 65 and 85. This means that there is considerable uncertainty about future mortality scenarios for a relatively small pension scheme with significant implications for the risk management of such a scheme.

Comparing parts (a) and (b) of Fig. [8](#Fig8){ref-type="fig"} we find that the inclusion of parameter uncertainty for the drift parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu$$\end{document}$ adds further uncertainty about the projected mortality rates. This reflects the additional randomness from not having a sufficiently long period of observed rates. We notice that the difference of variance between including and excluding parameter uncertainty increases as time increases. Thus parameter uncertainty becomes much less important when only relatively short forecast horizons are considered. Similar results can be found in Fig. [6](#Fig6){ref-type="fig"} of \[[@CR6]\] which shows the log scaled variance of both, with and without parameter uncertainty, for the survival index. Our findings are also in line with results obtained by \[[@CR20]\] who have found that the uncertainty about the drift of the period effect in a Lee-Carter model has little impact on the uncertainty of short term projections while it significantly affects the uncertainty of long-term projections. This supports our conclusion that the differences in the variances are tiny when the projection horizon *t* is very small, and become more significant for long term projection. We notice that for age 65 the intervals are not smooth in some years due to the cohort effect.Fig. 7The comparison of twenty-year forward projection of $\documentclass[12pt]{minimal}
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We also notice that age seems to affect the amount of uncertainty around the central projection differently in small and large populations. To illustrate this further we consider the standard deviation of projected mortality rates as a function of age for a fixed projection horizon. Figure [9](#Fig9){ref-type="fig"} shows the log-scaled standard deviation of the projected mortality rates in the calendar year 2030 with respect to age. We find in this figure that the variance is an increasing function of age if the population size is rather large. In contrast, we find for the smallest population ($\documentclass[12pt]{minimal}
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                \begin{document}$$w=0.001$$\end{document}$) that the variance only starts to increase from about age 70 while it is constant or slightly decreasing for younger ages. As we found in Fig. [8](#Fig8){ref-type="fig"}, at age 65 (and also at age 85), the three largest populations have prediction intervals which are of similar width. However, Fig. [9](#Fig9){ref-type="fig"} shows that the much wider prediction intervals for the two smaller populations seem to be less affected by age with the relative increase in the standard deviation from age 65 to 85 being smaller than for the large populations. We are also interested in how much of the forecast variation is due to the impact of sampling variation and parameter uncertainty on the covariance matrix, *V*, and the drift, $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu$$\end{document}$ to the corresponding EW estimates and sample realisations of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{V}}$$\end{document}$ from its empirical distribution.Project mortality rates for each constructed population, while fixing only the variance matrix *V* to the corresponding EW estimates and sample the drift parameter from the empirical distribution of $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{\mu }}$$\end{document}$.The results are shown in Fig. [10](#Fig10){ref-type="fig"}. We find that fixing parameters has a significant effect on mortality forecasting when populations are very small (w = 0.001) in Fig. [10](#Fig10){ref-type="fig"}a. We can see that the widths of prediction intervals for our experiments 1 and 3 are much narrower than for experiments 2 and 4, and the difference of variance is greater for long term projections. The major difference between these two scenarios is that we fix the co-variance matrix *V* to its estimate obtained from England and Wales data in experiments 1 and 3. Thus we conclude that a major source of uncertainty for our mortality forecasts comes from the bias in the estimated covariance matrix for small populations.

Summary {#Sec12}
-------

To summarise, forecasts levels of uncertainty in future mortality are biased upwards for two reasons. First, and most obvious, the Poisson noise in the data biases up estimates of the random walk covariance matrix to a significant extent (Fig. [10](#Fig10){ref-type="fig"}). Second, when we include a Bayesian analysis of parameter uncertainty, uncertainty in the random walk drift resulting from observation over a relatively small number of years is pushed up by the small population bias in the covariance matrix, *V*. This has its greatest impact in longer term forecasts, and less impact in the short term.Fig. 9The log-scaled standard deviation of projected mortality rates with (*upper plot*) and without (*lower plot*) allowance for parameter uncertainty in year 2030 with respect to age for population size $\documentclass[12pt]{minimal}
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                \begin{document}$$w = 1$$\end{document}$ (*dashed line*), 0.1 (*long dashed line*), 0.01 (*dotted*), 0.001 (*dot dashed line*) and England and Wales (*solid line*)

Likelihood ratio test for systematic parameter difference {#Sec13}
=========================================================

We have seen that the size of a population has a substantial impact on the level of uncertainty about the parameters of the model in ([1](#Equ1){ref-type=""}--[3](#Equ3){ref-type=""}) when this model is fitted to the population's mortality data. This raises the question whether the estimated period and cohort effects in $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta = (\kappa _t^{(1)},\kappa _t^{(2)},\kappa _t^{(3)},\gamma _c^{(4)})$$\end{document}$ for a small a population are significantly different from those in a given, typically much larger, reference population. To address this question we apply a likelihood ratio test to test for significant deviations of estimated parameters from a given null hypothesis using the maximum likelihood estimator $\documentclass[12pt]{minimal}
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                \begin{document}$$D^w_j$$\end{document}$ as in ([6](#Equ6){ref-type=""}). We are particularly interested in the finite sample distribution of the test statistic as compared to its asymptotic distribution. As in Sect. [3](#Sec3){ref-type="sec"} we will use simulated deaths scenarios to investigate the finite sample distribution and the power of the likelihood ratio test (LRT) applied to mortality data. We will start with a short review of the LRT.

Review of likelihood ratio test {#Sec14}
-------------------------------

The LRT used in this study follows the generalized form of the LRT as defined in Ref. \[[@CR19]\]. For a random variable *X* with a distribution that depends on a parameter vector $\documentclass[12pt]{minimal}
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We now define the test statistic in the usual way:$$\documentclass[12pt]{minimal}
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Before we start testing our null hypothesis, it is worth considering the testability of the hypothesis.[3](#Fn3){ref-type="fn"} In our approach the constraints in Equation (4) in Sect. [2](#Sec2){ref-type="sec"} are part of the model and therefore the effective number of parameters that are identifiable is the total number of parameters reduced by the number of constraints. In this paper, we formulate the constraints in terms of the cohort effect $\documentclass[12pt]{minimal}
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Finite sample distribution of LRT {#Sec15}
---------------------------------

As mentioned above, we now consider a test for systematic parameter differences involving all period effects and the cohort effect, that is, $\documentclass[12pt]{minimal}
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To investigate the finite sample properties of the LRT in small populations we apply a parametric bootstrap procedure in which we simulate *N* mortality scenarios, estimate the parameter vector $\documentclass[12pt]{minimal}
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For any population size *w* we can now find the empirical distribution function of $\documentclass[12pt]{minimal}
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Power of the likelihood ratio test {#Sec16}
----------------------------------

In the last section, we carried out the likelihood ratio test for the parameter difference and found that the $\documentclass[12pt]{minimal}
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More specifically, the alternatives we consider are:$\documentclass[12pt]{minimal}
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We can now proceed as in the previous section with simulating death counts and then apply the LRT for different alternatives and different values of $\documentclass[12pt]{minimal}
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The power of the LRT for any fixed alternative *i*, relative population size *w* and fixed $\documentclass[12pt]{minimal}
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Figure [12](#Fig12){ref-type="fig"} shows the obtained estimates $\documentclass[12pt]{minimal}
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Unsurprisingly, the power of the LRT is increasing in $\documentclass[12pt]{minimal}
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Impact of parameter misspecification on mortality rates and annuities {#Sec17}
=====================================================================

We now investigate how significant the impact of shifting and scaling parameters is on the fitted mortality rates and corresponding annuity prices. We consider again the four alternatives in the previous section. For each of those and for each relative population size *w* we determine the value of $\documentclass[12pt]{minimal}
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We then calculate fitted mortality rates using the model in ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}) with the following parameter constellations:$\documentclass[12pt]{minimal}
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                \begin{document}$$w=0.01$$\end{document}$ (*dotted line*). The width of the *error bars* is one standard error based on ([20](#Equ20){ref-type=""})

From a financial point of view the effect on fitted mortality rates is only relevant in so far as annuity prices are affected. We will therefore consider the following annuities and discuss the effect of the four alternatives specified above on their values:A temporary annuity of £1 per annum payable annually in arrears to a life now aged 65 exactly, starting at the beginning of year 2012 with term of 25 years. Its expected present value is calculated as:An annuity of £1 per annum payable annually in arrears to a life now aged 55 exactly, deferred for 10 years, starting at the beginning of year 2012 with term of 25 years. Its expected present value is:where *v* is the discount factor, $\documentclass[12pt]{minimal}
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We project the period and cohort effects in $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{\theta }}^{EW}$$\end{document}$ forward for 35 years as in Sect. [4](#Sec5){ref-type="sec"} where we use the point estimates defined in ([9](#Equ9){ref-type=""}) and ([10](#Equ10){ref-type=""}) for the parameters of the random walk for the shifted period effects, that is, we do not consider uncertainty about the drift and variance matrix of the random walk. Annuity prices are calculated for each sample path and we then calculate the average annuity price for each *w* with the *i*th parameter shifted or scaled. The results are shown in Tables [4](#Tab4){ref-type="table"} and [5](#Tab5){ref-type="table"}.

The effects of shifting the period effects and scaling the cohort effect are somewhat varied. As might be expected, the impact on prices is most obvious for $\documentclass[12pt]{minimal}
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Likelihood ratio test for the cohort effect {#Sec18}
===========================================

The general form of the LRT as reviewed in Sect. [5.1](#Sec14){ref-type="sec"} allows us to test a null hypothesis about parts of the parameter vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta$$\end{document}$ equal to the function of corresponding parameters estimated from the large population reduces the dimension of the parameter vector which needs to be estimated from the small population where parameter uncertainty is rather strong as we have seen in Sect. [3](#Sec3){ref-type="sec"}. The example we have in mind is a pension fund that uses national mortality data to improve its mortality models, or when the mortality experience in a small country is modelled based on the combined experience of other similar countries.

In the reminder of this section we will use the LRT to test a null hypothesis about the cohort effect $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma _0$$\end{document}$ is a given vector of cohort effects, for which we later use an estimated cohort effect from a different population. We can now write the hypotheses as in ([14](#Equ14){ref-type=""}) and proceed as in Sect. [5.2](#Sec15){ref-type="sec"} to find the distribution of the LRT statistic in ([17](#Equ17){ref-type=""}) for a finite sample of death counts from a small population.

For practical relevance we base our simulation study on the female and male populations in England and Wales. We choose $\documentclass[12pt]{minimal}
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                \begin{document}$$E_0$$\end{document}$ is here the exposure for the female population in England and Wales.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$50\%$$\end{document}$ power for each population $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w=1$$\end{document}$ (*solid line*), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w=0.1$$\end{document}$ (*dashed line*) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w=0.01$$\end{document}$ (*dotted line*)

Empirical examples {#Sec19}
==================

We apply the LRT for the cohort effect in two empirical studies.

Females vs. males in England and Wales {#Sec20}
--------------------------------------

The population for which we wish to test the cohort effect first is the female population in England and Wales that we already considered in our simulation study. Our null hypothesis is therefore that the true cohort effect for the female population in England and Wales is equal to the estimated cohort effect for males in England and Wales. Note that this is different from testing the hypothesis that the male and female population share the same (true) cohort effect since we ignore the uncertainty about the estimated cohort effect for males.

To illustrate the difference between the two cohort effects we plot in Fig. [15](#Fig15){ref-type="fig"} the estimated cohort effects for females and males. There are fairly strong similarities between the two curves after about 1910, but there are also significant qualitative differences before 1900. To check empirically, that these differences are not simply the result of the identifiability constraints, one can plot $\documentclass[12pt]{minimal}
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This difference can be confirmed more formally using the LRT with the null hypothesis that the females have the same cohort effect as the previously estimated males cohort effect. The test statistic $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma$$\end{document}$ observed in our simulation study, see Fig. [14](#Fig14){ref-type="fig"}. The *p*-value is therefore very close to zero, and we reject the null hypothesis that the cohort effect fro the mortality of the female population is the same as the previously estimated cohort effect for the male population.

Male mortality in Scotland vs. England and Wales {#Sec21}
------------------------------------------------

A second, and more intriguing, empirical example concerns the cohort effects estimated from mortality data for the male population in England and Wales versus the male population in Scotland. Figure [16](#Fig16){ref-type="fig"} compares the independently-estimated cohort effects with a confidence interval added around the Scottish estimates. Compared to Fig. [15](#Fig15){ref-type="fig"}, the two curves here look much more similar, with the pattern of $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{\gamma }}^{(4),EW}-{\hat{\gamma }}^{(4),S}$$\end{document}$ again not like a quadratic function with respect to cohort year *c*. On the other hand, we find that most of the cohort effects for males in England and Wales lie outside of the Fig. 15The estimates of cohort effect, for England and Wales males (*solid line*) and females (*dashed line*), age 50 to 89 last birthday, over year 1961 to 2011 Fig. 16The estimates of cohort effect, for the males of England and Wales (*solid line* ) and Scotland (*dotted line*), age 50 to 89 last birthday, over year 1961 to 2011. The dashed lines are the CI for the cohort effect of Scotland. The upper bound is 95% quantile of the distribution and the lower bound is 5% quantileconfidence interval calculated for Scottish males. This suggests that although the two populations have similar pattern for the cohort estimates, the difference might still be significant.
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                \begin{document}$$\Gamma = 193.37$$\end{document}$ and we therefore reject the null hypothesis and conclude that the cohort effect in Scotland is significantly different from the estimated cohort effect for England and Wales. This indicates that there might be factors in the Scottish male population that result in significant differences throughout time. However, we might speculate that there is a common cohort effect, that is, for some reason, magnified in Scotland. Investigating this in detail is beyond the scope of this paper, but we speculate that a magnified effect might be the result of socio-economic differences between the two populations: for example, cohort effects might be greater in lower socio-economic groups.

Conclusion {#Sec22}
==========

In this paper, we investigated the finite sample distribution of the maximum likelihood estimators for the parameters of a stochastic mortality model. We found that the size of a population has a significant effect on the uncertainty about the estimated parameters and mortality projections. In particular, we found that there exists a bias in the estimated covariance matrix of the random walk fitted to the period effects when the size of the underlying population is small. As a consequence, prediction intervals are rather wide for small populations even when parameter uncertainty is ignored.

To investigate if parameters estimated from larger populations can be used to generate scenarios for smaller populations we investigated how a likelihood ratio test performs when applied to the mortality experience of a small population. We found that the finite sample distribution of the test statistic is very close to the asymptotically correct $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$ distribution and, therefore, the observed rejection rates are close to the chosen significance level. However, we also found that the power of the test depends strongly on the population size with the ability of the test to detect deviations from the null hypothesis being significantly reduced when the size of the underlying populations is small.

A brief investigation of annuity prices has shown that the misspecification of parameters has a limited financial impact. Considering shifts in the parameter values which the LR test would detect with a $\documentclass[12pt]{minimal}
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                \begin{document}$$50\%$$\end{document}$ chance we have seen that the impact of a small population size is significant for deferred annuities. To have a complete picture of possible further financial consequences, a more detailed study is required, which is beyond the scope of this paper.

In our empirical analysis we then applied the LRT, and found that neither of the mortality rates of the female population in England and Wales and the male population in Scotland should be modelled with a cohort effect estimated from the male population in England and Wales.

In this paper, we used the traditional two-stage fitting approach whereby the period and cohort effects are estimated using the Poisson maximum likelihood method in the first stage and a time series model is fitted to these effects in the second stage. We have found that sampling variation in the small population datasets has significant impact, which can then obscure the true signal in those effects, and giving rise to misleading forecasts. Bayesian approaches that combines the two stages into one, e.g., \[[@CR29]\], Cairns et al. (2011) and \[[@CR12]\]) can be used to provide a way to address this problem. However, as use of the two-stage approach is widespread (perhaps because of its relative simplicity) we have, here, attempted the first systematic analysis of the impact of population size on parameter estimates and forecasts using the two-stage approach. In this way, users of the two-stage approach will be better informed about its limitations as well as understanding how the likelihood ratio test might be used to exploit data from larger populations.

Derivation of the asymptotic distribution of $\documentclass[12pt]{minimal}
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Recall the log likelihood function$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} l(\theta _w,D_{t,x}^{w},E_{t,x}^{w})=\sum _{t,x}f(t,x,\theta _w)-g(t,x,\theta _w)+h(t,x) \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
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                \begin{document}$$m(t,x,\theta _w)$$\end{document}$ is a single value, thus the second derivative of *f* and *g* with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\partial ^2 f}{\partial \theta _w^2}= & {} \left( \begin{array}{ccccc} \frac{\partial ^2 f}{\partial \kappa _{t_1,w}^{(1)~2}}&{}\dots &{}\frac{\partial ^2 f}{\partial \kappa _{t_1,w}^{(1)} \partial \kappa _{t_n,w}^{(i)}}&{}\dots &{}\frac{\partial ^2 f}{\partial \kappa _{t_1,w}^{(1)} \partial \gamma _{c_{ny+na-1},w}^{(4)}}\\ \vdots &{}\vdots &{}\vdots &{}\vdots &{}\vdots \\ \vdots &{}\vdots &{}\vdots &{}\vdots &{}\vdots \\ \frac{\partial ^2 f}{\partial \gamma _{c_{ny+na-1},w}^{(4)}\partial \kappa _{t_1,w}^{(1)}}&{}\dots &{}\frac{\partial ^2 f}{\partial \gamma _{c_{ny+na-1},w}^{(4)} \partial \kappa _{t_n,w}^{(i)}}&{}\dots &{}\frac{\partial ^2 f}{ \partial \gamma _{c_{ny+na-1},w}^{(4)^2}}\\ \end{array}\right) \end{aligned}$$\end{document}$$Thus the form of the element at row *m* and column *n* is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\partial ^2 f}{\partial \kappa _{m,w}^{(i)}\partial \kappa _{n,w}^{(j)}}=-\frac{D_{t,x}^w}{m(t,x,\theta _w)^2}\frac{\partial m(t,x,\theta _w)}{\partial \kappa _{m,w}^{(i)}}\frac{\partial m(t,x,\theta _w)}{\partial \kappa _{n,w}^{(j)}}+\frac{D_{t,x}^w}{m(t,x,\theta _w)}\frac{\partial ^2 m(t,x,\theta _w)}{\partial \kappa _{m,w}^{(i)}\partial \kappa _{n,w}^{(j)}} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$i,j\in (1,2,3,4)$$\end{document}$ and are not necessarily the same. Note that $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa ^{(4)}$$\end{document}$ represents the cohort effect for convenience. Same derivation can be done for *g*, and we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\partial ^2 f}{\partial \kappa _{m,w}^{(i)}\partial \kappa _{n,w}^{(j)}}=wE_{t,x}^w\frac{\partial ^2 m(t,x,\theta _w)}{\partial \kappa _{m,w}^{(i)}\partial \kappa _{n,w}^{(j)}} \end{aligned}$$\end{document}$$Thus for each pair of (*t*, *x*), the expected value of the element of the second derivative of *l* is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\partial m(t_m,x,\theta _w)}{\partial \theta _w}=(\frac{\partial m(t_m,x_n,\theta _w)}{\partial q(\theta _w,t_m,x_n)}\frac{\partial q(\theta _w,t_m,x_n)}{\kappa _{t,w}^{(1)}}{\mathbbm{1}}_{t=t_m}\dots \frac{\partial m(\theta _w,t_m,x_n)}{\partial q(\theta _w,t_m,x_n)}\frac{\partial q(\theta _w,t_m,x_n)}{\kappa _{t,w}^{(4)}}{\mathbbm{1}}_{t=t_m}) \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbbm{1}}_{t=t_m}=\Big \{ \begin{array}{cc} 1&{} t=t_m\\ 0&{} \text {otherwise.} \end{array} \end{aligned}$$\end{document}$$

Human Mortality Database. University of California, Berkeley (USA), and Max Planck Institute for Demographic Research (Germany). Available at *www.mortality.org*or *www.humanmortality.de* (data downloaded on 16 February, 2014).

See \[[@CR19]\] for more details about the likelihood ratio test and the asymptotic distribution of the LRT statistic.

See \[[@CR32]\] for more details about testable hypotheses.

See \[[@CR15]\] for more details on statistical power.
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